Abstract-Continuous assessment of voltage stability is vital to ensure a secure operation of the power system. Several voltage stability indicators have been developed in an attempt to quantify proximity to voltage collapse. Some of them are computationally expensive, whereas others are reported not to perform as expected under all conditions. This study proposes a new normalized voltage stability indicator called the P-index that is robust and based on solid theoretical foundations. The index was tested on the IEEE 14-, 57-, and 118-bus systems and compared to the well-established L-index node-based indicator. It was also shown how the P-index can be used to estimate distance to collapse and the amount of load to be shed. A comparison of distance to collapse was made with the coupled single-port circuit and tangent vector methods. Application of the P-index to a dynamic platform simulating stability monitoring with PMU measurements was performed on the Kundur 10-bus system and the appropriate load shedding using the P-index was calculated. The results show that the P-index gives a better indication of proximity to voltage collapse compared to the L-indices and tangent vectors and is more conservative than the coupled single-port circuit method. Results also indicate its potential for dynamic voltage stability assessment and load shedding purposes.
The frequency and severity of these collapses has prompted significant research on the area of voltage instability and voltage collapse. Several static and dynamic analysis techniques have been proposed to examine the proximity to voltage instability, and in particular many authors have developed voltage stability indices, which aim to quantify how 'close' the system is to the point of voltage collapse [1] [2] [3] [4] [5] , [7] , [9] , [11] , [12] . Some of these voltage stability indices have been developed based on the fact that the The authors are with the University of Tennessee at Chattanooga, Chattanooga, TN 37403 USA (e-mail: mariana-kamel@mocs.utc.edu; abdelrahmankarrar@utc.edu; ahmed-eltom@utc.edu).
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system Jacobian matrix becomes singular at the point of voltage collapse. In [1] , the minimum singular value of the power flow Jacobian matrix has been used as a static voltage stability index. However, this index shows a non-linear behavior near the collapse point and in the presence of system control limits, such as generator excitation limits. To overcome this problem, several methods have been proposed. In [2] , a voltage stability index known as the second order index is presented. This index is based on the maximum singular value of the inverse Jacobian matrix and its derivative with respect to the total system load. However, this index is computationally expensive, especially for very large power systems, as several matrix and vector manipulations are required. Another index based on the system Jacobian matrix is presented in [3] . It uses the system tangent vector, which contains the sensitivities of system states (voltage magnitudes and angles) to a change in load. The idea behind the index is based on the fact that as the system approaches the point of collapse the change in a bus voltage with respect to load approaches infinity. However, different systems will exhibit dissimilar tangent vectors for the same proximity to collapse, as is evident from the V-P curves. More than one operating point is needed to capture and predict voltage trends. In a parallel line of research, the idea of simplifying the whole network to a Thévenin equivalent has become very popular, especially with the advance in phasor measurement technology. Thévenin equivalent is simple and straight-forward for stability analysis, which makes it suitable for use in real-time power system monitoring. Several voltage stability indices have been developed using the Thévenin equivalent concept [4] , [5] .
Although the Thévenin equivalent attracts a great deal of attention, it is not free of difficulties. Tracking the Thévenin equivalence parameters based on real time measurements proves to be a challenge. In order to compute the Thévenin equivalence parameters, at least two measurement sets (snapshots) of local voltage and current phasors are required. Usually more than two snapshots are used in order to eliminate errors and bad measurements. In that case, the Thévenin equivalence parameters are estimated by using the least square method. However, the Thévenin parameters have to be estimated from measurements gathered over a time window that is wide enough for the operating conditions to change, but narrow enough to satisfy the condition of no disturbance on the system side [6] . Unfortunately, this condition is difficult to satisfy.
Since the Thévenin equivalence parameters are not easy to track, some researchers have proposed other on-line voltage stability assessment indices and methods without the 0885-8950 © 2017 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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identification of Thévenin equivalence parameters. Some of these indices are based on local measurements of transmission line phasors. In [7] a voltage stability index is proposed based on the idea that the system will collapse if a line reaches its maximum power transfer limit. However, it has been proven in [8] that a single line reaching its maximum power transfer limit is not a sufficient condition for the system voltage to collapse. It is even possible for several lines to reach their limit before the whole system collapses. In [9] another index is proposed based on the fact that near the system's point of collapse, the increase in the apparent power at the sending end of a line will no longer yield an increase in the apparent power at the receiving end of that line. However, it has been proven in [10] that this concept holds true if and only if the real and imaginary parts of the load impedance are equal to those of the line impedance. One of the most popular indices that do not depend on a Thévenin equivalent and is well suited for online applications is the L-index. The L-index was originally proposed in [11] and can easily be calculated from normal load flow data. It requires calculating a so-called equivalent voltageV oj at the load bus of concern.V oj is a function of the generator bus voltages vectorV G and is obtained through appropriate partitioning of the system admittance matrix and by setting all load currentsĪ L to zero. Under stressed conditions the L-index L j at the bus is calculated by substituting the bus voltageV j in the expression
The L-index concept is derived rigorously in [11] for a onesource-one-load two bus system. For such a system the L-index at the load bus theoretically varies from 0 at no-load to 1.0 at the system point of collapse. The concept is extended to a general nbus system through an analogy with the two-bus system, making it non-rigorous.
A relatively modern method for voltage stability assessment is the Coupled Single-Port Circuit (CSPC) method [12] . This concept was developed to estimate a power network's stability margin at a specific bus using the Thévenin equivalent impedance matching method for determination of the maximum power deliverable to the bus. Since the remaining loads at the other buses are typically non-linear, they are excluded from the Thévenin equivalent model and their effect is modeled as a "coupled" impedance Z cj in series with the Thévenin impedance calculated at bus j.
This paper proposes a new rigorous multi-bus voltage stability index. Section II introduces the concepts behind this index along with the derivation of its formulae and application to example systems. This section also details how this index can be used to: a) estimate the margin of stability, and b) determine, if necessary, the amount of load to shed. Since the proposed index can be used as a stability indicator for critical bus identification, and furthermore to estimate distance to collapse, it is compared with regards to the former against the L-index and with regards to the latter against the Coupled Single-Port Circuit method.
Section III presents simulation results and discusses the performance of the proposed index and load shedding method. 
A. The P-Index, a Voltage Stability Indicator
A simple radial system is used at first to explain the concept behind the proposed indicator. Consider the two-bus system shown in Fig. 1 where the load at bus 2 is P L + jQ L and the voltage magnitude is V . The equivalent load admittance is
Now let the load be incrementally increased without a change in its power factor by amounts ΔP , ΔQ. The corresponding increase in admittance components are ΔG L , ΔB L . The additional loading will cause the voltage magnitude to change by an amount ΔV , which is typically negative, making the new bus voltage V + ΔV . The active power increment at the bus can now be expressed as:
The physical significance of the two terms in (3) is as follows: the first term (which is positive) represents the power gained due to the connection of the additional load ΔG L , while the second term (negative) is the power lost on original load G L due to voltage drop ΔV . The net active power gained at the bus is the balance of these opposing terms. At the point of stability limit, these two terms cancel out and there is zero net power increase. This point represents the maximum power possible on the V-P curve of the continuation power flow. Any further attempt to increase the power by connecting additional admittance ΔG L , ΔB L will actually result in a net reduction in power as the second term gains dominance over the first. This represents operation in the lower (unstable) half of the continuation power curve.
The voltage stability index this paper proposes is based on the ratio of the two terms in (3), i.e. the ratio of power lost to power gained. A minus sign is introduced to make the index positive when there is a negative ΔV for a positive ΔG L :
In the limiting case as ΔG L , ΔV → 0 The quantity dV /dG L is not usually encountered in network terminology but can easily be expressed in terms of system power and voltage sensitivities. If dV /dG L is written as
Then, using
Which after manipulations may be expressed as
Substituting in the P -index defined in (5),
Or, in terms of active power,
The index is now defined in terms of normalized voltage and power sensitivities. The stability index has a theoretical value of 1.0 at the stability limit when dV /dP L = ∞.
A plot of bus voltage V versus bus active power P is shown in Fig. 2 with E = 1.0 p.u., Z = 0.01 + j0.2 p.u., and a load power factor of 0.8, lagging. The corresponding P-index variation is drawn on the same plot.
In order to calculate the P-index as defined in (12) for any load bus j in a general n-bus power network, it is necessary to find the value of dV j /dP Lj . This can be calculated from the system Jacobian matrix as follows:
Assume that the system loading was increased from some initial loading P L 0j , Q L 0j in a manner consistent with the continuation load flow, i.e. through multiplying the system initial loads with a loading multiplier λ to get P Lj and Q Lj . Let this load then be incrementally increased by ΔP Lj and ΔQ Lj .
If the inverse Jacobian matrix equations are defined as follows (where ΔP L , ΔQ L are net bus increments):
We may write, for load bus j:
Or
Where
, forcing the load increments to be in the same proportion as their present loading.
= tanφ i , where φ i is the power factor angle of the load at bus i (at the present loading).
It is relevant to point out that load bus increments ΔP Li , ΔQ Li will take a negative sign, while generator bus increments (ΔP Gi , ΔQ Gi ) will be positive. Additionally where generators have hit their reactive power limit, the corresponding bus is treated as a load bus in the Jacobian matrix, and its reactive power increment ΔQ Gi is set = 0. The P-index for load bus j is then
It must be emphasized that G L and B L are just equivalent admittance elements that satisfy the power voltage equations at any loading point P L and Q L . Using them as such does not imply that the actual loading is a constant impedance model. It may be a motor load, a constant current load, or a thermostatic load. The P index is developed from fundamental load flow and Jacobian matrix concepts and serves as such to indicate system performance upon incremental changes in P L and Q L for whichever type of load. The only assumption is that the power factor remains unchanged for the incremental increases involved in the evaluation of the P-index.
The index that comes closest to the P-index is the tangent vector stability indicator dV /dλ [3] . Indeed the P-index may be expressed in terms of the tangent vector by substituting P Lj = λ · P L 0j ; then
The tangent vector as a stability indicator was not originally expressed in terms of normalized sensitivities, making it dependent on the system's choice of bases. The P-index as defined therefore may be seen as an enhancement of the tangent vector index. Both the P-index and the tangent vector method require knowledge of the system Jacobian matrix to calculate dV /dλ.
B. Application of the P-Index to Test Systems and Comparison to the L-Index
The first multi-bus test system is the IEEE 14-bus system [13] . The P-index is evaluated for an increase in loading parameter λ on all generator and load buses until the system collapses. The load for λ = 1.0 p.u. is coincident with the base case. Both the P-index and the L-index select bus 14 as the weakest bus for this system. However, while the P-index for bus 14 rises to exactly 1.0 at the loading limit, the L-index fails to reach the presumed theoretical limit of 1.0 and falls behind at 0.66 for the same load. This is shown in Fig. 3 , where the continuation curve of bus 14 is also plotted. This same shortcoming with regards to the L-index is mentioned in [14] . The strongest load bus in the system is bus 12, successfully ranked with the least P and L-index values. The P-index remains at low values until the verge of collapse, where it makes an abrupt turn up to 1.0 (see Fig. 4 ).
The complete load bus ranking according to both P and L indices is listed in Table I , computed at P-index = 0.5 for bus 14. It is noted that while the L-index is consistent with the P-index most of the time, it does make some surprising mis-rankings, as in the case of bus 5 to which it assigns the lowest value despite being among the group of stressed buses according to the P-index. Note also that the P-index is not defined for a load bus with P L and Q L of zero, as is the case for bus 7.
The second test system to be discussed is the IEEE 57-bus network [13] . Both the P-index and L-index selected bus 31 as the weakest with the highest index score. This time however the L-index greatly exceeds its supposed limit of 1.0 to reach 1.6 as shown in Fig. 5 .
A comparison of rankings according to the P and L indices for the IEEE 57 bus network is shown in Table II for selected buses (with a P-index greater than 0.15). The rankings, taken at P-index = 0.5 for bus 31, are similar for most buses with only a slight disagreement in some cases. The third test system is the IEEE 118-bus network [13] . Weakest bus was found to be bus 44 by both the P-index and L-index. The performance of L-index for this system was strikingly poor, and stayed at low values for all buses up to the stability limit. At the point of collapse where the P-index takes on a value of 1.0, the L-index only attains 0.366, as is shown in Fig. 6 . Table III lists the rankings for selected buses (with a P-index greater than 0.07) according to the P and L indices for this system. The rankings are taken at P-index = 0.5 for bus 44. Among the selected buses, the L-index only agrees with the P-index in a broad sense, with notable mis-rankings, such as for bus 23 and 75.
C. P-Index as a Normalized Stability Performance Indicator and Distance to Voltage Collapse 1) Normalized Stability Performance:
Because the P-index is based on normalized sensitivities, it can better estimate the voltage-power trend from snapshot measurements compared to other indices. For example, if the P-index has a value of 0.5, this will result in the normalized sensitivity dV j V j / dP j P j of −0.5. This can be used to state that if the measured trend stays approximately constant, a 10% increase in the load will result in a 5% drop in voltage. This voltage drop is somewhat conservative, as the increasing negative slope will result in a larger drop, but it at least establishes a definite lower limit that may be used to take action. A P-index of 0.66 will result in a more serious state of affairs, with dV j V j / dP j P j now at −1, indicating a voltage drop of at least 10% for a 10% increase in power.
This normalized sensitivity behavior was evaluated at a P-index = 0.5 for the weakest buses of both the IEEE 14, 57, and 118-bus systems. For the IEEE 14-bus system, the voltage of bus 14 goes down by 6.27% for a 10% increase in system loading. Corresponding values for the 57 and 118-bus systems (at buses 31 and 44) were 5.16% and 7.4%, exhibiting different voltage slope changes. It is clear that 5% represents the minimum voltage drop.
2) Distance to Voltage Collapse: Development of Method: In [11] , the authors used the L-index to extrapolate the distance to voltage collapse. To find a non-iterative solution for the maximum value of λ they put forward particular assumptions related to the system variables. In this work, it is shown that the P-index is likewise capable of finding the approximate collapse point if the quantity dV /dG L in (5) is assumed constant. Referring to Fig. 1 , the load voltage is
This may be approximated, for small values ofȲ L andZ, as
Assuming a constant power factor and pure reactive line impedanceZ = jX, we may express the load voltage magni-
The imaginary part is quite small compared to the real part; thus
The slope dV /dG L , then, is almost constant. If however the load conductance G L or the transmission line reactance X increases significantly, the linear relation approximations no longer hold. A more rigorous analysis shows increasing dependency of dV /dG L on G L and its higher powers, but these terms are small and gather importance slowly.
Let us investigate to what extent this assumed linearity is true on a larger system. Fig. 7 shows the V -G L characteristics of bus 14 for the IEEE 14-bus system, where G L varies from zero up to the point of collapse. Part (a) is for the intact system, while part (b) is for an outage of line 13-14. The first graph is approximately linear with a constant slope, while the second exhibits slight 'convex' characteristics. Nevertheless we proceed to examine how the use of assumed constant dV /dG L may help to find the stability limit.
Assume that the system at the current snapshot has acquired a P-index of 0.5 for its most critical node. This is the level proposed here to indicate proximity to voltage collapse. The slope dV /dG L may be then calculated using (5), with the substitution of P-index = 0.5, and determining G L from (2). Since we now have a slope and a coordinate pair (G L , V ), we may express for the node in question the equation of a straight line as
where a (= dV /dG L ) and constant b are calculated from the conditions of P-index = 0.5. Next we look at (5) again for the conditions of voltage collapse at which the P-index = 1.0. This results in another straight line equation passing through the origin
where a is substituted for dV /dG L assuming it to remain constant between the measured point and point of collapse. Solving (22) and (23) together results in conditions at the point of collapse as
And the power at the point of collapse as
Which, when substituting the original measurements taken at P-index = 0.5 = P idx1 , becomes
Equation (26) may be manipulated as follows:
And (noting that)
In terms of λ,
If the collapse point is estimated when P idx1 is 0.5, then the estimate for λ max will be 1.157λ (0.5) . Therefore, a system that exhibits fairly linear V -G L behavior will be expected to have a 16% load margin to collapse when its P-index measures 0.5.
Using (29), with the data at node 14 for P idx1 = 0.5, the point of collapse for the IEEE 14 bus was predicted to be at λ max = 3.89 p.u. for the intact system and λ max = 2.76 p.u. for the system with an outage at line 13-14. The corresponding values are 4.04 p.u. and 3.24 p.u., constituting errors of 3.7% and 14.9%. The larger error in the latter case is clearly attributed to case-specific non-linear V -G L behavior.
The estimate can be improved by repeating the above calculation using the last estimate as a starting point. If, at each estimated value for λ max , load flow calculations were performed iteratively and stopped when the difference in λ max for successive iterations becomes less than 1%, then only 2 iterations are required for the 14 bus system without an outage, and 4 iterations for the case where line 13-14 was outaged.
It must be cautioned, however, against relying on the above method or more accurate refinements as an accurate measure of the collapse point for practical systems. Without a deterministic knowledge of load and generator dynamic characteristics, a reliable indicator of distance to collapse becomes difficult.
The assumption of constant dV /dG L can also be employed in the context of load shedding to determine the amount of load to be curtailed for P-index recovery, as will be demonstrated.
3) Distance to Voltage Collapse: Comparison of the P-Index and Coupled Single-Port Circuit Methods:
In what follows, the maximum power loading at a bus in terms of the loading parameter λ max using the P-index expression of (29) is compared to that due to the Coupled Single-Port Circuit method. The operating base load for carrying out the estimation corresponds to the weakest bus (largest P-index) with a value P idx1 = 0.5. This is typically at a point with around a 16% margin to collapse as pointed out in the previous section. The results of the comparisons are shown in Figs. 8.-11 .
The results of the comparisons can be summarized as follows: 1) Both methods were successful in identifying the weakest bus.
2) The P-index method had a much smaller point of collapse estimation error in two cases -the intact 14-bus system and the 118-bus system. The percentage errors for P-index and CSPC methods were 3.8% and −10.5% respectively for the 14-bus system, and −2.6% and −34.5% for the 118-bus system. 3) Both methods had relatively large errors in estimating the point of collapse in the other two cases -14-bus system with an outage, and 57-bus system; although for the first the CSPC was slightly better. The percentage errors for P-index and CSPC methods were 14.9% and 9.2% respectively for the 14-bus system, and 16.9% and 17.5% for the 57-bus system. Both of these cases involve a departure from linearity in the V -G L relationship leading to a large underestimation of the collapse point. 4) Among all stressed (higher P-index) buses in general both the P-index and CSPC methods gave comparable estimates of collapse point although the P-index tends to be more conservative. However for the weaker buses the CSPC method gave a higher overestimation of the stability margin compared to the P-index. The comparison proves that, for the systems studied, the Pindex method is capable of offering an approximate estimate of voltage collapse point provided that V -G L characteristics are reasonably linear. Another observation is that the P-index collapse point estimations for critical buses are in most cases conservative, i.e. below the true stability limit. This offers the possibility of improving upon the initial estimation by conducting a power flow at this point and updating the estimate. If the power flow fails to converge this would indicate an initial overestimation. (17) shows that the P-index may be defined in terms of dV /dλ. However, the crucial difference is that dV /dλ is not really an index in a true sense, but merely a sensitivity expression. As such, it does not convey a clear indicator of voltage stability criticality unless calibrated for a particular system topology and load. By contrast, the P-index flags the value of 0.5 as a universal potential critical condition. To illustrate how dV /dλ would be inferior to the P-index as a voltage stability indicator, assume that it is calibrated for stressed load conditions on a particular system to indicate proximity to collapse. For convenience, let this coincide with the loading that gives the weakest bus a P-index of 0.5. Fig. 12 shows both the P-index and dV /dλ for the load buses of the IEEE 14 system at this loading condition (λ = 3.36 p.u.). 1 Threshold based on normal loading and non-outaged stressed system (P-index = 0.5 at critical bus)
4) Distance to Voltage Collapse: Comparison of the P-Index With the Tangent Vector (dV /dλ) Method: Equation
The tangent vector, dV /dλ (shown as positive), similar to the P-index has no difficulty finding bus 14 as the weakest bus, and registers a sensitivity of 0.1249 for this bus, with a true margin to collapse of 0.68 p.u. at this point. This value and margin is then used as the calibrated stability threshold for the 14 bus system using the tangent vector method. Next, the system conditions were changed in two ways; first by modifying the power factor at load buses to 0.8, and then, in a separate study, by introducing an outage on line 13-14 -a repeat of the conditions shown in Fig. 9 . For the two attempts, the P-index with its threshold of 0.5 predicts the point of collapse within a 12% and 15% error respectively, while the corresponding errors for the dV /dλ method using the 0.1249 threshold and 0.68 p.u margin are 16% and 24%.
Outages on the 57 and 118-bus systems were also performed and stability margins were calculated using a calibrated tangent vector and margin under non-outaged conditions. Both system studies reveal the degraded performance of this indicator compared to the P-index. Table IV presents a summary outcome of the studies performed in this regards.
The cases where the P-index shows a relatively large error arise from the non-linear V -G L characteristics as previously discussed. However the dV /dλ method shows inferior performance in almost all cases even though it is assumed to be 100% correct for the calibrated (unmodified loading or topology) case which should offer it the advantage over the non-calibrated P-index method.
D. Using the P-Index for Load-Shedding Purposes
The techniques developed in Section C may be used to carry out load shedding with the intention of lowering the P-index to a more tolerable value. The case for constant dV /dG L becomes stronger since the range of variation for G is smaller than when investigating the distance to collapse. Assume that the P-index is at 0.5 and it is desired to move it back by 0.1 to 0.4 by performing appropriate load shedding. The first thing to understand is that shedding should be performed at all buses in proportion to their loading since this is the way the P-index is defined. It is possible -for the purposes of load shedding -to define the P-index differently so that only the load at one bus will change. This will only require a slight modification to (14) and (15), such that incremental power ΔP , ΔQ at all busbars except bus j is set to zero. Thus:
However we define the P-index, for single bus shedding or for general shedding, the calculation for every bus remains the same. If we move the P-index from P idx1 to P idx2 , it is easy to verify that the new loading on the bus will be
(32) Equation (32) is actually a generalization of (26), which is obtained by substituting P idx2 = 1.0. It can be expressed in terms of original loading
The amount of load to shed is then
For the IEEE 14 bus, (33) correctly predicted the amount of system load to be curtailed to go from P idx1 = 0.5 at bus 14 to P idx2 = 0.4 within a 2.6% margin of error for the non-outaged system, and 5% for the case of an outage on line 13-14.
The load shedding approach described in this section assumes constant power factor load characteristics. If the dynamic and static characteristics of the load are known, then it would in principle be possible to devise an iterative method for transitioning from P idx1 to P idx2 . Some interesting ideas on performing load shedding for known loading characteristics are discussed in [15] .
III. APPLICATION TO DYNAMIC ANALYSIS
In this work, a time domain simulation is used to verify the adequacy of the proposed P-index in assessing the stability of a system where load dynamics, on-load tap changers, and generators' over-excitation limiters are all modeled and accounted for. The system used in this work is the well-known Kundur 10-bus system [16] . Fig. 13 shows the one-line diagram for the system. Transformer T6 is equipped with an on-load tap changer. The active and reactive power components of the load at bus 8 are represented by an equivalent induction motor. The load at bus 11 is modeled as 50% constant impedance and 50% constant current for both active and reactive components. The measurements for bus states and injections would ideally be collected from PMU's located at all system buses, but it is possible to work with a reduced model where only load and generator buses are monitored. System topology is available from SCADA, unless the voltage collapse mode is too fast, where a PMU based or PMU assisted topology estimation would be needed.
A. P-Index Results
The trend towards the eventual voltage collapse is triggered by the loss of one of the transmission lines between buses 6 and 7 (without a fault). The combined effect of the tap-changer actions and the constant power of the induction motor persist in stressing the system until it reaches its point of collapse after 58 seconds. Figs. 14 and 15 show the bus voltage, P-index, and Lindex for both load buses 8 and 11. Both indices indicate bus 11 as the weakest bus. Before the line was lost, the P-index of bus 8 was equal to 0.43, which indicates that the system was already heavily stressed. After the line was lost, the P-index increased to 0.54 and continued increasing until it reached a value of 1.0 at the system point of collapse. On the other hand the L-index had a value of 0.42 before the line was lost, then it changed to 0.49 after the line was tripped, and eventually scaled up to about 0.98 at the stability limit.
For bus 11, the P-index had corresponding values of 0.46 initially, and 0.56 after the line was tripped, while the L-index changed from 0.5 to 0.57. The P-index continued increasing until it reached 1.0 at the point of collapse. However, the L-index only reached a value of about 0.85 at the point of collapse.
Since the mode of collapse is due to the dynamic nature of load, the significance of distance to collapse is lost. Substituting the P-index of bus 11 after line trip into (29) gives a margin to collapse of 11%. Yet the system progresses to collapse with little change in active power, while the reactive power proceeds to increase by around 60%.
B. Load Shedding Results
Since the P-index of both buses 8 and 11 exceeded the 0.5 threshold, automatic voltage shedding was initiated. A snapshot of the system at time t = 20 seconds was used to calculate the amount to be shed. This 20 seconds delay is purely for demonstrative purposes. Actual load shedding should commence after a much smaller waiting period once the P-index exceeded acceptable threshold. The amount of load to shed is determined according to (33) and (34) where the desired value for the bus 11 P-index was set to equal 0.45. The percentage of MW load to be shed is found to be 8.9% (from both buses 8 and 11). The load shedding results are shown in Figs. 16 and 17 . The amount of load to be shed is based on the assumption of a constant impedance load model. The constant impedance model has the worst voltage recovery characteristics since the voltage rise would be accompanied by a power increase, which would partially offset the intended load reduction.
Therefore shedding the same amount from a load with different characteristics, such as constant power or constant current, would result in a better voltage recovery and therefore a better index value. This can be seen in the plots shown in Figs. 16 and 17. For bus 8, a constant power induction motor load, the value of the P-index improved from 0.55 to 0.37 immediately upon shedding the load, and then transitioned to 0.32 due to tap-changer steps. For bus 11, where the load is 50% constant current and 50% constant impedance, the P-index improved from 0.57 to a final value of 0.35, transitioning from about 0.41 due to tap-changer action. The results confirm the conservative nature of the P-index load shedding when load characteristics and dynamics are unknown, under the simple assumption is that the load is constant impedance.
C. Generator OXL Action
The voltage collapse mechanism studied in B was not due to generator reactive power limitation. Although an over-excitation limiter (OXL) was modelled and included in generator 3, it did not trigger in the simulation before the collapse. To force OXL action, the steady-state field current limit was reduced from 3.02 to 2.25 p.u., while ceiling values were changed from 4.6 to 3.83 p.u. Time delay characteristics for ramping down the excess value were not changed. A new study was commissioned with the updated OXL limits, and results are shown in Fig. 18 .
The results show that time to voltage collapse is now 52 s instead of 58. The mode of collapse is now a mixed combination of tap-changer action, motor load and generator reactive power limitation. The field current ramping action can be clearly seen in Fig. 19 , where it is compared to the higher ceiling case.
It can therefore be seen that, similar to loads, generator characteristics may influence the stability margin. In view of an absence of definite load or generator voltage characteristics, we find that defining an index threshold such as P-index = 0.5 is an important safeguard against voltage collapse in the sense that it conveys more clarity regarding the stability situation, compared to a distance-to-collapse calculation which could be unreliable.
IV. CONCLUSION
This work proposed a new voltage stability indicator, the P-index. Its value varies from 0 at no load to 1.0 at the system point of collapse, which holds true for simple and complex systems. The proposed P-index index is intuitive and easy to explain in physical terms.
Additionally the P-index offers the following advantages: 1) Unlike the tangent vector method, for example, the P-index is normalized. Thus it provides a measure of stability that is not base dependent. In other words, a change in the choice of base load or base voltage will not affect the value of the P-index. 2) The index is robust in the sense that extension of the P-index calculation to multi-bus systems from a two-bus system does not involve any approximations or two-bus system analogies. 3) A clear stability threshold trigger can be defined; the authors have ventured to propose a P-index of 0.5 to trigger a voltage stability alarm. This indicates that a 10% increase in load will cause a 5% drop in voltage. To our knowledge, no other stability indicator offers this level of significance for a threshold trigger.
The calculation of the P-index is simple. It requires the network model and only one snapshot of the system states (voltage magnitudes and angles) and nodal power. The only calculation required is the inversion of the system Jacobian matrix, which is easily accomplished. This makes the P-index suitable for on-line voltage stability assessment applications.
The performance of the P-index was investigated on the IEEE 14, 57 and 118-bus test systems and compared with another stability indicator, the L-index. The P-index demonstrates a consistent behavior, always reaching a value of 1.0 at the stability limit. This is not always true for the L-index.
The P-index may be used to estimate the system stability margin. This margin is calculated under the assumption that the system generation and load will move in the same proportion. The estimate of the stability margin was compared against the recently developed Coupled Single-Port Circuit method, and found to be more accurate when the V -G L behavior is linear, and very close to the CSPC method when it is not. Furthermore the P-index is observed to be more conservative. The P-index also was found to be superior in estimating the distance to collapse when compared to using a tangent vector (dV /dλ) calibrated for a particular system.
The P-index may also be used for load shedding purposes. The amount of load to be shed is easily estimated in terms of the calculated and desired P-indices. The method may be modified for single-load shedding, as opposed to system-wide shedding.
The performance of the proposed P-index and load shedding scheme were tested using dynamic simulation on the wellknown Kundur 10-bus system. Voltage collapse of the system was simulated and the results show that the P-index correctly assesses system stability conditions and estimates the amount of load that needs to be shed.
